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The 64-dimensional extended real Clifford - Dirac (ERCD) algebra is introduced. On this basis 
the new pure matrix symmetries of the Dirac equation in Foldy - Wouthuysen representation are 
found: (i) the 32-dimensional A32 = SO(6)©e-SO(6)©£ algebra, which is proved to be maximal 
pure matrix symmetry of this equation, (ii) two different realizations of the (1/2,0) © (0, 1/2) 
representation of the S(l,3) algebra, (iii) reducible tensor-scalar (1,0) © (0,0) and irreducible 
vector (1/2,1/2) bosonic S(l,3)-symmetries. Finally, spin 1 Poincare symmetries both for the 
Foldy - Wouthuysen and standard Dirac equations with nonzero mass are found. 



1 Introduction 

An interest in the problem of the relationship between the Dirac and Maxwell equations emerged 
immediately after the creation of quantum mechanics [1-11]. One of our own results in this 
field is the proof of bosonic (spin 1) Poincare symmetry of the massless Dirac equation [12-15] 
and the relationship between the Dirac (m=0) and slightly generalized Maxwell equations in 
the field strengths terms [12-16]. We found the irreducible vector (1/2,1/2) and the reducible 
tensor-scalar (1, 0)(8)(0, 0) representations of the Lorentz group C and corresponding (generated 
by these representations) representations of the Poincare group V, with respect to which the 
massless Dirac equation is invariant {V is the universal covering of the proper ortochronous 
Poincare group P\_ = T(4)x)l1^, £ - of the Lorentz group L^, respectively). Now we are able 
to present below the similar results for the general case, when the mass in the Dirac equation 
is nonzero. 

In order to derive this assertion we essentially use two new constructive ideas, (i) We start 
here from the Foldy - Wouthuysen (FW) equation (i. e., from the Dirac equation in the FW 
representation [17]) 

{zYd^-m),lj{x) = 0^^{ido~loio)(j){x) = 0, ^,0GS^•^ (1) 



V= ^ ' / y^ ^, v-' = Vit^-t), iu = V-A + m^, S3'^ = S(R3)xC^ R=^cM(l,3), 

(2) 

where (S(R^) is the Schwartz test function space, M(l,3) is the Minkowski space, (ii) We 
introduce here into consideration the 64-dimensional extended real Clifford - Dirac algebra 
(ERCD). We essentially apply it here as a constructive mathematics for our purposes. 
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Explanation of (ii) needs more details. For the physical purposes, when the parameters 
of the relativistic groups are real, it is enough to consider the standard Clifford - Dirac (CD) 
algebra as a real one (corresponding generators associated with real parameters are identified 
as primary). Thus, starting from the standard (Pauli - Dirac) representation of the 7-matrices 
we are able to extend the complex 16-dimensional CD algebra to the 64-dimensional ERCD 
algebra. 

2 Description of the Extended real Clifford - Dirac al- 
gebra 

For the definiteness it is useful to choose 16 independent (ind) generators of standard CD 
algebra as 

{indCD} = {l, s^p, fiO = O^s} = = i [7^, 7£>] , fiu = (p, 5^5 = -Sg^ = ^7^! , (3) 

where 74 = i^y^^'^"-'^ = 70717273 and the matrices s^i> are the primary generators of the SO (1,5) 
group and satisfy the following commutation relations 

[■^/i!)) "^/Sct] Qfip^va- QpO'^api 9ucT^ij,p Qcrji^pv^ {Opu} *iiag(-|-l, 1, 1, 1). (4) 
On this basis ERCD is constructed as 

{ERCD} = {indCD, i ■ indCD, C ■ indCD, iC ■ indCD} , (5) 

where C is the operator of complex conjugation in {</>} G S^'^, the operator i is the ordinary 
complex unit. Thus, the ERCD algebra is the composition of standard CD algebra ([3]) and 
algebra of Pauli - Gursey - Ibragimov [18, 19]], i. e. it is the maximal set of independent 
matrices, which may be constructed from the elements i, C and ([3]). 

All the physically meaningful symmetries of the FW and Dirac equations, which are put 
into consideration below, are constructed using the elements of ERCD algebra. 

3 Maximal pure matrix algebra of invariance of the FW 
equation 

The 32-dimensional subalgebra A32 = SO (6) © i ■ SO (6) © e of ERCD algebra (e = 270), which 
SO ([6]) generators have the form 

SAB = ^[lA, 1b] = -sba, A,B = T76, 75 = 7173C', 76 = hiisC (6) 
(our 75 7^ ystand^ together with i = 270 satisfy the commutation relations 

[sabjScd] = SacSbd + ScbSda + SbdSac + SdaScb, [sAB,i]=0; A,B,C,D = 1,Q, (7) 
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of S0(6) ©£-algebra, is the maximal pure matrix algebra of invariance of the FW-equation from 
([1]) (the commutation relations for the e ■ SO (6) generators sab = £Sab differ from ([7]) by the 
general multiplier i = i'jo = —7172 ■■■76, which is the Casimir operator of the whole A32 algebra. 
The proof of this assertion is fulfilled by straightforward calculations of the corresponding 
commutation relations of this algebra and the commutators between the elements of A32 and 
the operator {ido — 7ocj)of the FW-equation taken from ([T]). The maximality of A32 is the 
consequence of the ERCD algebra maximality. 

4 Spin 1 Lorentz-symmetries of the FW equation 

The FW-equation from is invariant with respect to the two different spin 1 representations 
of the Lorentz group £ (below sjf^ are the generators of the irreducible vector (1/2,1/2) and sj^^ 
are the generators of the reducible tensor-scalar (1,0) © (0,0) representations of the S0(l,3) 
algebra). The explicit forms of corresponding pure matrix operators are following 



'OA: 



I'^Ofc ''Ofc ^ "'Ofc' "'mn ^mn ^ ^mnii fiiy \^ 

i.e. they are constructed as a fixed sum of two different subsets 



Ofc5 



i \ 

-7fc74, s^fc = ^[7m,7fc]}, 74 = 7o7i7273, (fc,m = l,3), (9) 



{s 



II 

01 



'02 



fiv L 01 2 Oz ud 2 2 2 2 

(10) 

of the (1/2,0) © (0,1/2) generators of the C group (two different realizations ffTU]) of 
the (1/2,0) © (0,1/2) representation of S0(l,3) algebra are the subalgebras of the A32 = 
SO (6) © £ ■ SO (6) © £ algebra). The vahdity of this assertion is evident after the transition 
s^,?'^'^ = WsYlT^W~^ in Bose-representation of the 7-matrices, where the operator W has the 



'03 



-270, 



JI 
'12 



'31 



:7o72C, 



'23 



:7o72C'}, 



form 
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ww-^ = w-^w = 1. 



(11) 

We call this transition a new natural form of the supersymmetry transformation of the 
FW-equation. 

5 Spin 1 Poincare-symmetries of the FW equation 

The FW-equation from ([1]) is invariant with respect to the canonical-type spin 1 representation 
of the Poincare group V D C, i.e. with respect to the unitary, in the rigged Hilbert space 



S=^'^ C L2(R') X c S 



3,4* 



(12) 
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V representation, which is determined by the primary generators 



PO = -170^, Pn = On, Jin = Xldn-XnOl + Si^ + Si^, Jok = Xodk+t'Jo{XkU;+ — ^ — 1, 

2uj uj + m 

(13) 

where u is given in ([2]), sj^ and are given in (Q, (fTOj) . respectively, and s^'^^ = (S23, S31, 812)^'^^ ■ 
The proof is fulfilled by the straightforward calculations of (i) corresponding P-commutators 
between the generators, (ii) commutators between generators and operator {ido — 7otD) , (iii) the 
Casimir operators of the Poincare group. 

6 Spin 1 symmetries of the Dirac equation with nonzero 
mass 

It is easy to see that the Dirac equation from ([1]) has all above mentioned spin 1 symmetries 
of the FW-equation. The corresponding explicit forms of the generators in the manifold 
{ip} G S^'"^ are obtained from the corresponding formulae ([6]), ([8]) - (ITOl) . (fT2|) for the FW- 
generators with the help of the FW-operator V (Ej): = V~^q^^V . As a meaningful 
example we present here the explicit form for the spin 1 P-symmetries of the Dirac equation 

Po = ~ilo{lP+m) = -iHo, Pk = dk, jn = Xkdi-xidk+Ski+hh jok = Xodk-iXkPo+Sok^ ° 



where Skin is the Levi-Chivitta tensor, and operators s^u, Sny = V ^sl^lV have the form 



u) + m 
(14) 



.12 = .31 = ^72^^, 323 = ^72^^} 

(a part of spin operators from f|T4l) is not pure matrix because it depends on the pseudodiffer- 
encial operator (u = V— A + m?)~^ well-defined in the space S^'^. The Dirac equation in the 
Bose-representation has the form of corresponding generalized Maxwell equations in the terms 
of field strengths. 



7 Brief conclusions 

Let us note that the generators ( |T2l) without the additional terms sjl ( fTOj) and s^^ = (S23, S31, S12) 
directly coincide with the well-known [17] generators of standard Fermi (spin 1/2) P-symmetries 
of the FW-equation (similar situation takes place for the generators (fT3l) taken without terms 
including operators s^i, from ( fTSl) ). These well-known forms determine the Fermi-case while the 
operators, which are suggested here, are associated with the Bose interpretation of equations 
([I]), which is found here also to be possible. The only difference of our Fermi-case from the spin 
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1/2 generators in [17] is that we use the prime form of generators, which is associated with the 
real parameters of the Poincare group. 

The assertion (proved here) that the Dirac equation with nonzero mass is invariant with 
respect to both spin 1/2 and spin 1 Poincare symmetries, means that this equation has the 
property of the Fermi - Bose duahty Thus, we suggest here a natural approach to the super- 
symmetry of the Dirac equation. 

The possibilities of the ERCD algebra apphcation are much more extended than a few 
examples with Dirac and FW equations considered above. In general ERCD algebra may be 
applied to each problem in which the standard CD algebra may be used. 
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